The commutativity degree of a finite group is the probability that two randomly chosen group elements commute. The main object of this paper is to obtain a characterization for all finite groups of odd order with commutativity degree greater than or equal to 11 75 .
Introduction
Throughout this paper G denotes a finite group with commutator subgroup G ′ and center Z(G). Recall that the commutativity degree of G is defined as the ratio
where [x, y] = xyx −1 y −1 is the commutator of x, y ∈ G. Clearly, Pr(G) = 1 if and only if G is abelian. Gustafson [3] has shown that if G is non-abelian, then Pr(G) ≤ 5 8 . Rusin [8] , has computed the values of Pr(G) when G ′ ⊆ Z(G), and also when G ′ ∩ Z(G) = {1}. Moreover, he has characterized all G with Pr(G) > 11 32
. Barry et al. [1] have shown that G is supersolvable if Pr(G) >
75
and |G| is odd. In this paper, we determine the value of Pr(G) and the size of 
Some auxiliary results
It is well-known that | Cℓ G (x)| divides |G| for all x ∈ G. In fact, we have
for all x ∈ G, where Cℓ G (x) and C G (x) are the conjugacy class and the centralizer of x in G, and [G, x] = {[y, x] : y ∈ G}. It may be mentioned here that [G, x] is not necessarily a subgroup of G. Let p be the smallest prime divisor of |G|. Then, from (2), we get
Also, if | Cℓ G (x)| = p, for some x ∈ G, then G/C G (x) forms an abelian group, and so,
Note that
is abelian if and only if G ′ is abelian, and in either case [C G (G ′ ), x] is a subgroup of G ′ for all x ∈ G, a fact that can be easily established using the commutator identities
where x, y, z ∈ G. Also, using the Jacobi identity [7, page 93], we have
Lemma 2.1. Let p be a prime. Let Aut(G ′ ) denote the automorphism group of G ′ and C p the cyclic group of order p.
Proof. Part (a) follows from [7, theorem 7 .1(i), page 130], and part (b) from (2) and (5), noting that [
It is easy to see, from (1) , that if H and K are two finite groups then
In view of this, the following result, which generalizes [1, lemma 3.8], simplifies our task considerably.
Proof. We have
Therefore, it follows from Lemma 2.1(a) that G/Z(G) is nilpotent of class 2, and so, G is nilpotent of class 3; in particular, G is the direct product of its Sylow subgroups. Hence, the lemma follows.
The following result is well-known (see [5] ), and also can be derived easily from the degree equation [4, corollary 2.7] .
Lemma 2.4. Let p be the smallest prime divisor of |G|. Then
with equality if and only if each non-linear irreducible complex character of G is of degree p.
We conclude this section reformulating a few more known results.
is a non-abelian group of order pn and
where n > 1 is a divisor of p − 1. 
Finally, using GAP [9] , we have In this section we derive a formula for Pr(G) and determine the size of
non-abelian, then there is a positive integer s such that
s and
Proof. In view of (6), the result follows from Lemma 2.5. 
is a union of conjugacy classes of G, the result follows from Lemma 2.1(a).
and note that G ′ is abelian. Using (5), it is easy to see that the mapping f :
, is a homomorphism. Also, using the definition of Z(G)
* together with (6) and Lemma 2.1(b), we have ker f = Z(G) * . Thus, it follows that C G (G ′ )/Z(G) * is isomorphic to a subgroup of
Proof. By Lemma 3.2,
is abelian. Also, by Lemma 2.2, G is nilpotent of class 3. So, it follows that
, a cyclic group of order p. So, there exists a positive integer i with 1
. This completes the proof.
We now prove the main result of this section.
Theorem 3.5. Let p be a prime such that
otherwise,
Proof. In view of Lemma 2.2, we can assume that G is a p-group. Therefore, by Lemma 3.2, we have |G :
, then it follows from (4) and Lemma 2.1(b) that | Cℓ G (x)| = p 2 , and so, |C G (x)| = |G|/p 2 . Now, the result can be easily deduced from Lemma 2.7 and Lemma 3.1.
(b) By Lemma 3.3, we have |C G (G ′ ) : Z(G) * | = p. Therefore, using the second isomorphism theorem [7, page 25] and Lemma 3.4, we have
Hence, using the first part of Lemma 3.1, the result follows from the normal series 
Groups of odd order with Pr(G) ≥ 11 75
In this section we accomplish our main objective.
and exactly one of the following conditions holds:
(ii) There exists a subset
Proof. Note that | Aut(C 15 )| = 8 and | Aut(C 21 )| = 12. Therefore, (a) and the first part of (b) follow from Lemma 2.1(a). For the second part of (b), we begin with an observation, which follows from (4) and Lemma 2.
Assume that the condition (b)(i) fails to hold. Then,
Let us write (2), (5) and Lemma 2.1(b) that | Cℓ G (x)| = 7 for all x ∈ X. On the other hand, consider an element (5) and (6), we have 
Proof. Note that no non-identity element of G is conjugate to its inverse, and also that G ′ − Z(G) is a union of conjugacy classes of G.
and Cℓ G (x 4 ) are distinct but have the same size. Now, looking at the partitions of 24 with 3 and 5 as summands, we get the result.
(b) Suppose that there exist
This, considering the series
Hence, we must have C G (x) = C G (y) for all x, y ∈ G ′ − Z(G), and so, the result follows.
We are now in a position to characterize all finite groups of odd order with commutativity degree at least 
121/729
7/39
Proof. It is enough to assume that G is non-abelian. By Lemma 2.4, we have |G ′ | ≤ 25. Also, by [6, lemma 7] , G ′ is not isomorphic to the unique non-abelian group of order 21. Therefore, it follows that G ′ is isomorphic to C 3 × C 3 , C 9 , C 15 , C 21 , C 5 × C 5 , C 25 or C p , where p is an odd prime with p ≤ 23. 
